Affine group of integers modulo n,

conjugacy classes and representations

Affine Group of Integers Modulo n

Modular arithmetic is a system where numbers “wrap around” some
integer called the modulus. For example, time uses modular
arithmetic: 4 hours after 9 o'clock is 1 o'clock, which is expressed as

9+4=1 (mod 12)

using modular arithmetic. We write Z,, to denote the integers under
modular arithmetic with modulus n and (k,n) to denote ged(k, n). We
also write Z* .= {k € Z,, : ged(k,n) = 1} for the group of units
(invertible elements) of Z,,.

A group is a set G with an operation o with certain properties
(closure, associativity, identity, and invertibility). Some examples are
the real numbers R with addition and Z,, with addition modulo n.

The affine group of Z,, is the group of invertible affine transformations
Aff(Z,) ={map:a €Z b e Ly},

an analog of scalings and translations of the real line R for the set Z,,.
Each m,, € Aff(Z,,) defines a permutation (shuffling) of Z,, by
Tap(z) = azx + b (mod n).
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Figure 1. Affine transformations in R2. Graphic created by finalist using TikZ, 2026.

Affine group elements are used in crytography as psuedo-random number
generators [3]. Some objects have natural Aff(Z,) symmetries, such as
Boolean functions [1] and tone rows [2].

Conjugacy Classes

Permutational Representation

Two elements a,b € G are called conjugate if there exists some g € G

such that
g lag = 0.

The conjugacy class of a € GG are all g € G that are conjugate to a.
We denote the conjugacy class of 7., € Aff(Z,) by O,4. To analyze
O, We consider a fibration (splitting) of Z,, by divisors of n.

ws Each fiber, or orbit, are products of
" /Zlgk ., allinvertible elements by a divisor.
| J J J Let [n| denote the set of all positive

divisors of n € Z. Given «,b € Z,
we can consider subsets

n]ap ={(at+b,n):teZ} Cn|.
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Figure 2. Fibration of Z;5 by divisors. Graphic
created by finalist using TikZ, 2026.

Conjugacy classes are unions over fibers:
Ous = | {map - (V,n) = d}.
de [n]a_lyb

For example, when n = 15, we have Oy = {ms; : k € Zs}. Moreover,
there are 15 conjugacy classes of Aft(Zy;). Indeed, for square-free n,
there are n conjugacy classes of Aff(Z,,).

Representation Theory

Representations allow us to analyze groups through the lens of linear
algebra. Specifically, a representation T': G — Mat(C") maps group
elements g, h € G into matrices while preserving the group operation:

T(g)T(h) =T(gh).

Given a representation, its character is its trace x : G — C. Moreover,
it is irreducible if there are no non-trivial subspaces (subspaces other
than {0} and V) that all representation matrices preserve.

Representations are used in both classical and guantum physics to
study rotational symmetry and its underlying partial differential
equations, and representations of finite groups are used in chemistry
to study molecular structures and its symmetries.

We call P : 5, — Mat(C") with P(o)e; = e,(;) the permutational
representation. It turns out that its irreducible subrepresentations live
iIn the same fibers used to find conjugacy classes.

Specifically, we use an eigenbasis {v;} of
P(m 1) (basis with each v satisfying Pv = Av
for some A € C). Let N} := Cv; and

Md) = @Nk .
(kn)=d

Then, we have that P, = P ’N(d) are irre-
ducible and non-isomorphic for distinct d.

To describe the characters of P, we first in-
troduce Ramanujan sums ¢, (x):

cn(x) = Z en b,
(kn)=1

which are sums of primitive roots of unity.
These sums were used to show Vinogradov’s
Theorem: every sufficiently large odd number
IS the sum of three primes.
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Using Ramanujan sums, we have a formula for the character:

X(d)(Tab) = XPo(Tap) = Lizx),(@) ¢ualb). (1)

Panstochastic Matrices

_

A matrix is panstochastic if its entries are all
nonnegative and its row, column and broken
diagonal and anti-diagonal sums are all 1 and
panmagic if it lives in the span of panstochas-
tic matrices.
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Figure 4. A broken diagonal and
anti-diagonal. Graphic created
by finalist using TikZ, 2026.

Panmagic permutation matrices (images of P)
are solutions to the modular n-queens prob-

1/0/0/0]0 | " | y
ololol1o em, where n mut‘ua Y nonattacking queens
0ol1/0/0/0 are placed on a cylindrical chessboard.

0/0/0/0/1 . .
ool1o0o Theorem 1. Let p > 5 be prime. Then, panmagic

permutation matrices from P(Aft(Z,)) span the
same space (of panmagic matrices) as all pan-
magic permutation matrices.

Table 1. A5 x 5 panmagic
permutation matrix derived
from me 4 € Aff(Zs).

Irreducible Representations

Serre [4] describes irreducible representations for certain groups with
commutative characteristics. We apply this to Aff(Z,,).

Theorem 2. All irreducible representations of Aff(Z,,) are given by 04,
where d | n and p is a character of (Z,)a, and dim 6, , = ¢(n/d).

Once again, Ramanujan sums allow us to find the character

Xdp(Tap) = Xo,,(Tap) = Lz, p(a) cn/a(D). (2)
Comparing (2) with (1) and using 1 as the trivial character, we have

X(d) (Wa,b) — ]I(Z;f)d<a) Cn/d<b) — Xd,l(ﬂ-a,b%

so Py = 043. Thus, the irreducible permutational representations are
the ‘simplest’ ones of Aff(Z,) under Serre’s construction.

Future Directions

1. What is the explicit cycle type of m,; for generala € Z; and b € Z,,?
2. Affine panmagic permutation matrices cannot span all panmagic

matrices. Is the span of all panmagic permutation matrices the set of
panmagic matrices?

3. What are the descriptions of the irreducible characters of (Z.)4?
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